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Physical system

* Newton’s second law:

Elasticity:

* Damping force:

* Burgers equation:
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Operator: An operation on a function

Differential operator:

* gradient operator: af 8f
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* CNN:
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* neural networks: universal approximators of continuous functions
(a space of functions — real numbers) (widely known)

* a NN with a single hidden layer can accurately approximate any nonlinear continuous operator
(a space of functions — another space of functions) (less known)

Theorem 1 (Universal Approximation Theorem for Operator).
Suppose that ¢ is a continuous non-polynomial function, X is a Banach
space, K, C X, K» C R? are two compact sets in X and RY, respectively,
V'is a compact set in C(K,), G is a nonlinear continuous operator,
which maps V into C(K,). Then for any € > 0, there are positive integers
n, p and m, constants ck, 55-, or, Cr € R, w € RY, x,€K,i=1,...,n,
k=1,....,pandj=1,...,m, such that
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holds for allu € V and y € K,. Here, C(K) is the Banach space of all con-
tinuous functions defined on K with norm || f|| oy = maxzek|f(x)].

Theorem 2 (Generalized Universal Approximation Theorem
for Operator). Suppose that X is a Banach space, K,CX, K C RY
are two compact sets in X and R, respectively, V is a compact set in
C(K,). Assume that G:V— C(K,) is a nonlinear continuous opera-
tor. Then, for any ¢ >0, there exist positive integers m, p, continuous
vector functions g: R™ — RP, f: R?Y - R?, and x,, x,, ..., x,, €K},
such that

G(u)(y) — (glulx), u(x2), -+, ulxm)), f(y) )| < e
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holds for all u€ V and y € K,, where (-,-) denotes the dot product in
R?. Furthermore, the functions g and f can be chosen as diverse classes
of neural networks, which satisfy the classical universal approxima-
tion theorem of functions, for example, (stacked/unstacked) fully con-
nected neural networks, residual neural networks and convolutional
neural networks.



DeepONet: learn diverse continuous nonlinear operators

Stacked DeepONet

Branch net,
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Data generation: 3 input function spaces

* Gaussian random fields
* spectral representations

one data point: triplet (u, y, G(u)(y))
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formulating the input functions as images

Training data
Input function u
at fixed sensors 1, ..

Output function G ()
at random location y
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Integral operator:

training dataset are sampled from the
space of a GRF with the covariance kernel
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= u(x)and G : u(x) — s(x)

= so + [, u(r)dz, x € [0, 1]

8(s(x), u(x), x),
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B
-9 _m--n
& i—*""' .
Y T
// = - 10 3
s ’f’ !ﬁ
- _
!f /, 107 E /Tf!
7 rd C ’
{l ‘ I ,i’ ]
v 10 L L7
! F 7’
! f’ :,” ]
/ -5
! 10 f | | ] ]
.f | | 0 I 0.2 0.4I 0.6 0.8I 1.0
0.2 0.4 0.6 0.8 1.0

Correlation length

1.0

0.8

0.6

0.4

0.2

ki(x1,x2) = exp(— || x1 — % ||*2P)

Train
Test - - - -
=
| 1 | - |
),000 20,000 30,000 40,000
No. of iterations

50,000



fractional differential operators: d G(u)(y, @) : u(x) — s(y,a) = ﬁ ny (y—1)"

yel0,1],a € (0,1)

e G(u)(y,a) : u(x) — s(y, a)
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Stochastic operators:

k(t; w) — y(t; w).

dy(tw) = k(tw)y(tw)dt,

Reference

o DeepONet

y(t; w)

Nn W ~r OO0 O N 0 ©

te (0,1]andw € 2

k(t;w) ~ GP(ko(t), Cov (t, t2))
Cov (t1, t2) = o*exp(— || t1 — t2||*/2P%).

*population growth model
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convergence rates = g = ksinsitu()
¢ FNN width 100
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*the motion of a gravity pendulum with
an external force
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* have exponential convergence for small training datasets and then converge with

polynomial rates

* The transition point depends on the width, and a bigger network has a later transition

point
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*nonlinear diffusion-reaction PDE




