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I Introduction

B ARBAL (Adaptive Region-Based Active Learning)
1. Adaptively partitions the input space into a finite number of regions
2. Subsequently seeks a distinct predictor for each region

® both phases actively requesting labels.

prove theoretical guarantees for both the generalization error and

the label complexity



IAlgorithm Algorithm 1 ARBAL(H, 7, k. (’}’t)tem)

K—1,X,1+<X.H, +H
fort € [T do
Observe x¢; set k; < k such that z; € X,

IWAL-query Pt <= hjh,g{ij%f(h(ﬂ?t%yﬁ) — £(h (z¢),ye)

() < BERNOULLI(p;)
if ); = 1 then
y; +— LABEL(x¢)
end if
if { < 7and K < k then
X, X, < SPLIT(Xg, , ve) #split phase
if split then
The same hypothesis space H gf:_}{j-é ;_Efkj_{g{x“ Xr = Xr
end if
else
Hy, < UPDATE(Hy,) # IWAL phase
end if
end for _ R
return i < >, leex, hir



I SPLIT phase

SPLIT splits a region if and only if the best-in-class error is likely to improve by a strictly

positive amount

Algorithm 2 SPLIT(X, )

for d € [D] and c € R do the splitting parameters (d, c)
(X7, X,.) « REGSPLIT(Xg, d, ¢)

Yae = Pr| Lt (hee) = Lt (hare) = /52

end for 1 Q.
(d*, ") <= argmaxc(p .cr Vd.c L +(h) = T . Z — U(h(z5),ys)

if vq+ o~ > v then k.t s€(t],zs Xy Ps
X —{x € Xyp: z[d*] <"} #split
Xy {x € Xp: z[d] > c"} 8T3|H|3kD
return X, X or = kD log [ 5 ]
else
return () #no split

end if




I SPLIT phase or = D log [T

. ‘ lity : — ‘ )
Lemmif 1. With probability at least 1 * 0 /4, for all Erixnar} or = 0.01/\Ty
trees with (at most) k leaf nodes, the improvement in the
minimal empirical error by splitting concentrates around
the improvement in the best-in-class error:
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“Rk(hz)_ﬂk(h;)] Ly ¢ (hi,t) — th(hht)]‘ oy

Corollary 2. With probability at least 1 — 0 /4, for all splits
made by ARBAL, the improvement in the best-in-class error
Is at least ¢, where ~y; 1s the threshold at the time of split.

Yd,c < Pk [Lk,t(?lk,t) — Lot (hirt) — ;Zz;]




IAlgorithm Algorithm 1 ARBAL(H, 7, k. (’}’t)tem)

K—1,X,1+<X.H, +H
fort € [T do
Observe x¢; set k; < k such that z; € X,

|WA|.-quel‘y pt < h,h’g{f,yg}jf(h(drt)? ?Jf) _ f(h, (mt):v ?Jt)

() < BERNOULLI(p;)

if ); = 1 then
y; +— LABEL(x¢)

end if

if { < 7and K < k then
X, X, < SPLIT(Xg, , ve) #split phase
if split then

: K+ K+ 1, X5, < Xi, X + X,
The same hypothesis space H Hr — 7. 0, ‘m
end if

else
Hy, < UPDATE(Hy,) # IWAL phase
end if
end for _ R
return i < >, leex, hir



I SPLIT phase

X2

Ly
X

split

B ARBAL maintains throughout the split phase the original hypothesis
space H

B The shrinkage of H only takes place during the IWAL phase



| IWAL phase

B IWAL (Importance Weighted Active Learning)[1]

Based on the largest possible disagreement among the current set of hypotheses on

the current input: flips a coin Q; € {0, 1} with bias p; = p(x¢)

Pt — h,h’Ienﬂ%nyH g(h(:ct)a y) o g(h,(xt)a y)

~ | .
hp = argming cq. > .y Qil(h(ze), yt)/pe
Tkt = {h € Hip—1:Liy(h)<, min Ly, t(h)—f-\/%}

[1]Beygelzimer, A., Dasgupta, S., and Langford, J. Importance weighted active learning. In Proceedings of ICML, pp.
49-56. ACM, 2009.




I Theoretical analysis

8T3]9{]3H,D}

or = leog[ >

B with a fixed y
Theorem 3. Assume that a run of ARBAL over T rounds or =0.01//T;
has split the input space into K regions. Then, for any o > 0,
with probability at least 1 — 9, the following inequality holds:

~ 32K 16 K
R(ht) < Ry + \/ T ik

gh 1
where Ry = R* — v(K — 1) is an upper bound on the
best-in-class error obtained by ARBAL. Moreover, with
probability at least 1 — 0, the expected number of labels
requested, T = 23;1 Er, Dy [pt|]-}_ﬂ, satisfies

mr < min{20rg, 1}7 + 4005 (T — T) [RU + 8 fii}

—|— @KUT.



ITheoreticaI analysis

mwith a adaptivey, p: Ri(hy) — Ri(h].) > p »p=001

Proposition 4. Let ARBAL be run with v, = pP(Xy,)/2.
Then, for any § > 0, with probability at least 1 — § /2, the

first split occurs before round {QGT (% + 1) ﬂ : or = kD log [

8T3|J{|3KD}
5

min{P(X;), P(X,)} > cP(X},), with 0 < ¢ < 0.5 o1 =0-01/yTx

Corollary 5. Let ARBAL run with v = P(Xg, )p/2. Then,
with probability at least 1 — 6 /2, ARBAL splits more than

min { logl/c |:20'T(74-+1)2 ] R — 1} times by the end of the

split phase.



I Experiment

logistic loss function or = 0.01/,/T},
The initial hypothesis set H consists of 3,000 randomly drawn hyperplanes with bounded
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Figure 2: Misclassification loss of ARBAL with fixed and adaptive threshold + on held out test data vs. number of labels
requested (log, scale), with x = 20 and 7 = 800. The vertical lines indicate the end of the first (split) phase.



I Experiment
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Figure 3: Misclassification loss of ARBAL(with adaptive 7;), ORIWAL, IWAL, and MARGIN on hold out test data vs. number
of labels requested (log,, scale), with £ = 20 and 7 = 800. The ARBAL curves are repetitions from Figure 2.



ITheoreticaI analysis

Define the distance p(f, g) between two hypotheses

frgeHasp(f,g9) =

{"(.CE,:U)ND |€(f(ﬂ?), y) o E(g(x)? y)‘

The generalized disagreement coefficient 0(D, H) of a class
of functions J with respect to distribution D is defined as
the minimum value of €, such that for all » > 0,

411

A

sup

U(h(x),y)—L(h* (z),y)]

D [ hed,p(h,h*)<r,yeY

disagreement coefficient 6, = 60(D;,H)

ro = maxpcqc p(h, h*). Let F; denotes the o-algebra gen-
erated by (xlayla Ql)a SRR (xt: Yt, Qt)



