%

iy

3
SN

P
Wy

N

%

&

\\\\\\\\\\\\\NH.‘/

S
%, 1952 X
(TN

Yua®

M
g

Mim
&

Bayesian graph convolutional neural networks for semi-supervised classification (AAAI2019)
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(Kipf an elling ) H(l+1) _ J(AQH(Z)W(D)

Bayesian neural networks
X = {zi,nat Y =A{y oty = f@)

Since W is not deterministic, the output of neural network is also a random variable. Prediction for a new
input X can be formed by integrating with respect to the posterior distribution of W as follows:

Py, X, Y) = / Dyl Wp(W X, Y) dW



Pyl X, Y) = / Py, Wp(WIX. Y) dIV

The integral is in general intractable.

Markov Chain Monte Carlo

Variational inference

Expectation propagation



Deep Bayesian Active Learning with Image Data (NIPS2017)

Max Entropy H[y\xa Dtrain] == Zp(y = ¢|X, Dyain) log p(y = ¢[x, Diain)
H[yﬁ w‘Xﬁ Dtrain} — H[MX: D[rain}_Ep(w‘,Dlrain) [H[y‘xﬁ wH

Choose pool points that are expected to maximize the information gained about the model
parameters: maximise the mutual information between predictions and model posterior.

Approximate the acquisition function using approximate distribution Gy (w)

Iy, wl, D] = Hly1, D] — Epoi Dy [Hlyhe, ]
— — Zp(y — C‘X; Dtrain) 108;])(;9 — C‘X: Dtrain) + Ep(wmu-am)

S ply = clx.w) logply = clx,w)|



]:[[y w‘X Dtrain} = H[(y‘x Dtrain} o Ep(w|Dlrain) [H[’(J‘X wH

- Zp(y = ¢[X, Diain) 1og p(y = ¢|X, Digain) + Ep(eo| Dyn) Zp(’y = c|x,w)logp(y = clx,w)|

Py = ¢[X, Duain) = [ p(y = ¢[x, w)p(w|Dirain ) dw
]I[y: w‘X: Dtrain} - = Z /p(y = ¢|x, w)p(w|Dyyin )dw - log/p(y = ¢|x, w)p(w|Diain ) dw

~-% / Py = clx, )@ (w)dw - log / Dy = elx, g3 (@)dw +Eqs o) [chu _ lx, w) log p(y = clx, w)

C



B' = [, ..., o] = softmax(£*(x)) B ~ g (w)

)

H[y: w|Xa Dtrain] — H[y|x, q§] —E
T—o0

qp (@) [H[yb(, wH ~ H[ya UJ|X, Dtrain]



Weight Uncertainty in Neural Networks ICML2015

wMLE — arg maxlog P(D|w) wMAP — arg maxlog P(w|D)

= arg max Z log P(y;|x;, w) = arg max log P(D|w) + log P(w)

Bayesian inference for neural networks calculates the posterior distribution of the weights given
the training data

P(y

X, W)]

X) = Epwp) [Py

Thus taking an expectation under the posterior distribution on weights is equivalent to using
an ensemble of an uncountably infinite number of neural networks.



*** suggested finding a variational approximation to the Bayesian posterior distribution on the
weights.  Variational learning finds the parameters of a distribution on the weights that
minimizes the KL divergence with the true Bayesian posterior on the weights:

0" = argmin KL[g(w|0)[|P(w|D)]

. q(wl0)
= argmgln/q(ww) log P {w) P(D[w) dw

= argminKL [g(w[6) || P(W)] ~ Eyguwjo) [log P(D|w)

F(D,0) =KL [g(w|0) || P(W)] —Eq(w|e) [log P(D|w)]

The cost function is a sum of a data-dependent part, which we shall refer to as the likelihood cost,
and a prior-dependent part, which we shall refer to as the complexity cost. The cost function

embodies a trade-off between satisfying the complexity of the data D and satisfying the simplicity
prior P(w).



F(D,0) =KL [g(w|0) || P(W)] —Eq(w|e) [log P(D|w)]

Proposition 1. Let € be a random variable having a prob-
ability density given by q(¢) and let w = t(60,¢) where
t(0,¢) is a deterministic function. Suppose further that
the marginal probability density of w, q(w|0), is such that
q(€)de = q(w|0)dw. Then for a function f with deriva-
fves in w:

0 o [
8_9EQ(W|9) f(w,0)] = 59 / f(w,0)q(w|0)dw
9
= & [ 1w 0aterae

- Of(w,0) 8W+8f(wjt9)
S ow o9 00




Apply Proposition 1 to the optimisation problem

let f(w,0) = logq(w|0) — log P(w)P(D|w) argm@in/q(ww) log P(v?rgv]zig\w) dw

Using Monte Carlo sampling to evaluate the expectations, a backpropagation-like algorithm is
obtained for variational Bayesian inference in neural networks-Bayes by Backprop — which uses
unbiased estimates of gradients of the cost to learn a distribution over the weights of a neural network

Bayes by Backprop operates on weights (of which there are a great many), whilst most previous

work applies this method to learning distributions on stochastic hidden units (of which there are far
fewer than the number of weights).

Unlike previous work, we do not use the closed form of the complexity cost (or entropic part)



w () denotes the ith Monte Carlo sample drawn from the variational posterior ¢(w(?)|6)

Note that every term of this approximate cost depends upon the particular weights drawn
from the variational posterior: this is an instance of a variance reduction technique known as
common random numbers.

Suppose that the variational posterior is a diagonal Gaussian distribution, then a sample of the
weights w can be obtained by sampling a unit Gaussian, shifting it by a mean u and scaling by a
standard deviation o.

o = log(l +exp(p)) 0=(u,p) w=1t0¢) =p+log(l+exp(p))oe



1. Sample € ~ N (0, I). 2. Letw = p+ log(1 +exp(p)) oe

3. Letf = (i, p) 4. Let f(w,0) = logq(w|0) —log P(w)P(D|w)

5. Calculate the gradient with respect to the mean

~ Of(w,0) Of(w.0)
- Ow i o

A,

6. Calculate the gradient with respect to the standard de-
viation parameter p

_0f(w.0) . L AT, 0)

A
P ow 14 exp(—p) dp




pi— p— o,

7. Update the variational parameters:

p(—p—aAp.

Note that the afgxe) term of the gradients for the mean and standard deviation are shared and

are exactly the gradients found by the usual backpropagation algorithm on a neural
network.

Thus, to learn both the mean and the standard deviation we must simply calculate the usual
gradients found by backpropagation, and then scale and shift them as above.



Monte Carlo dropout is equivalent to drawing samples of W from the approximate posterior

The uncertainty in the weights induces prediction uncertainty by marginalising over the
approximate posterior using Monte Carlo integration:

p(y = clx. Dyan) = / Py = clx, w)p(w|Dyan)dw ~ / Py = elx, w) g (w)de

1 T
~ T E p(y — C‘X?af>
t=1

Oy ~ qp (w) gy (w) is the Dropout distribution

S
‘ 1
p(y\:r XY) — /p(yT Hf)p(uf‘XY) dW ])(y‘CI‘XY) ~ T E p(y‘ir”fl)
. i=1



The goal is to compute the posterior probability of labels, which can be written as:

P(ZIY 2. X, Gops) = f p(Z|IW, G, X)p(WIY £, X, G) p(GIAN) PN Gops ) dW dG d
Various parametric random graph generation models can be used to model p()\|gob5)
A Monte Carlo approximation

1% Ng S
P(ZY £, X, Gops) ~ VZN—ZZp(Z\WS,M,gm,X)
i=1 s=1

V' samples )\, are drawn from P(AGobs) The N graphs G, , are sampled from p(G|A,)

W i are sampled from p(W|Y ., X, G, ,) from the Bayesian GCN corresponding to the graph g, ,,



Assortative mixed membership stochastic block model

Since G is often noisy and may not fit the adopted parametric block model well, sampling
m, and S, can lead to high variance. Instead, replace the integration over = and g with a
maximum a posteriori estimate.

~

o

——
|

arg nax p(ﬁ W‘gobs)

B,
V Ng S
p(Z|Y£aXa gobs) ~ ZN—ZZP Z|W8?Uvg? vy )
1=1 s=1
Nag S

Z|\Y ., X, Gops) (Z|Ws.i,Gs.
P(Z|Y £, X, Gobs) NGSZZP Wi, Gi, X)

i1=1 s=1



Posterior inference for the MMSBM

_ T
Gobs = {yav € {0,1} : 1 < a < b < N} Ta = [Tal,--Tak
i For any two nodes a and b
N " o .Yahoo Labs
. : w‘ "‘-._: e Sample 2., ~ 7, and zp, ~ .
v/‘AO e If 2,, = 2z, = k, sample a link y,, ~ Bernoulli(5;).
S\ Otherwise, 1., ~ Bernoulli(9).
g .
O Here, 0 < 8, < 1 is termed community strength of the
SN k-th community and 9 is the cross community link proba-
: ) L bility, usually set to a small value.
s o\ s(; &L |

JEONG, H NEWMAN, M KLEINBERG, J



p(7, B|Gobs) o< p(B)p(7)p(Gobvs| T, )

— H (5 H p(mq) H Z P(Yabs Zabs Zba|Tas o, )

k=1 a=1 1<a<b<N Zub,Zba

We use a Beta(7) distribution for the prior of 5 and a
Dirichlet distribution, Dir(«), for the prior of m,, where 7
and « are hyper-parameters.



Algorithm 1 Bayesian-GCNN
IHPUt: gobsa Xa Yﬁ
OUtPUt: ])(Z‘Yﬁ X, gobs)
1: Initialization: train a GCNN to initialize the inference in
MMSBM and the weights in the Bayesian GCNN.
2: fori=1: N do
3:  Perform N, iterations of MMSBM inference to ob-
tain (7, 3).
4. Sample graph G; ~ p(G|7, ).
5: fors=1:5do

6: Sample weights W, ; via MC dropout by training a
GCNN over the graph G;.

7:  end for

8: end for

9: Approximate p(Z|Y 2, X, Gops) using eq. (8).




Bayesian Semi-supervised Learning with Graph Gaussian Processes NIPS2018

Convolutional Gaussian Processes NIPS2017

Additive Gaussian Processes NIPS2011

Inter-domain Gaussian Processes for Sparse Inference using Inducing Features NIPS2009

Variational Learning of Inducing Variables in Sparse Gaussian Processes AISTAS2009

Bayesian Gaussian Process Latent Variable Model AISTAS2010

Graph Convolutional Gaussian Processes arXiv(2019.5.14) ICML2019



Bayesian Semi-supervised Learning with Graph Gaussian Processes NIPS2018
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Graph

N
ps (Y. hIX. A) = py(h|X. A) [ pyalhn)

n=1

L+ D,

Po (h|X, A) — N(O, PKXXpT)



p(f) oc exp ( Z’w?jj(fi — fj)2 — 52&2) — exp (—fT(L + 5I)f) K '=L4+I

i,]

E(||fse — fsel|”) = w(B(fse — fises)(fse — fseys)’) = (Kseis)

f(x) ~ GP(m(x), ko(x,x)) po(h|X,A) = N (0,PKxxP")

Pox P P’ P=(I+D)'I+A)



