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min
𝑍,𝐿

𝑍 ∗ + 𝐿 ∗ 𝑠. 𝑡. 𝑋 = 𝑋𝑍 + 𝐿𝑋 𝑍∗ = 𝑉𝑋 𝐼 − 𝑆 𝑉𝑋
𝑇 and 𝐿∗ = 𝑈𝑋𝑆𝑈𝑋

𝑇
complete solutions

𝑆𝑉𝐷 𝑋 = 𝑈𝑋Σ𝑋𝑈𝑋
𝑇

Theorem

𝑆 is any block-diagonal matrix that satisfies two constraints:

1) its blocks are compatible with Σ𝑋, i.e., if (Σ𝑋)𝑖𝑖≠ (Σ𝑋)𝑗𝑗, then 𝑆𝑖𝑗 = 0

2) both 𝑆 and 𝐼 − 𝑆 are positive semidefinite.

Related Introduction



min
𝐴

෍
𝑖=1

𝑛

𝑥𝑖 − 𝑋𝑎𝑖 2
2 + 𝛾 𝐴 2,1

𝐽 = min
𝐴

𝑋 − 𝑋𝐴 𝑇
2,1+𝛾 𝐴 2,1

sensitive to data outliers

Active Learning

min
𝐴,𝐵

෍
𝑖=1

𝑛

𝑥𝑖 − 𝐵𝑎𝑖 2
2 + 𝛾 𝑎𝑖 2

2 𝑠. 𝑡. 𝐴 = 𝑎1, … , 𝑎𝑛 ∈ 𝑅𝑚×𝑛, 𝐵 ⊂ 𝑋, 𝐵 = 𝑚

min
𝐴

෍
𝑖=1

𝑛

𝑥𝑖 − 𝑋𝑎𝑖 2
2 + 𝛾 𝑎𝑖 2

2 𝑠. 𝑡. 𝐴 = 𝑎1, … , 𝑎𝑛 ∈ 𝑅𝑛×𝑛, 𝐴 2,0 = 𝑚

Sort the rows of A by the row-sum values of the absolute A in the decreasing order. 

Therefore, the active learning task can be performed by selecting the m samples 

corresponding to the top m rows of A.





min
𝑍

𝑍 ∗ 𝑠. 𝑡. 𝑋 = 𝑋𝑍

如何利用“关联度矩阵”来区分 new class data？ 计算权重质量分布的熵

𝑥𝑖 − 𝑋𝑎𝑖 𝑥𝑖: 𝑑 × 1 𝑋: 𝑑 × 𝑛 𝑎𝑖: 𝑛 × 1

test point:   𝑥 = 𝑋𝑎 Total Mass:𝑀 = σ𝑘=1
𝑛 𝑎𝑘 𝑝𝑥 = 𝑝1, 𝑝2, … , 𝑝6

𝐻𝑥 = −෍
𝑗
𝑝𝑗 ቊ

𝐻𝑥 > 𝛿 𝑛𝑒𝑤 𝑐𝑙𝑎𝑠𝑠 𝑑𝑎𝑡𝑎
𝐻𝑥 < 𝛿 𝑘𝑛𝑜𝑤𝑛 𝑐𝑙𝑎𝑠𝑠 𝑑𝑎𝑡𝑎

𝑐 = arg max
𝑘

𝑝𝑘



Active Learning with LRR for feature Learning

The salient features correspond to the key object parts 

(e.g., the eyes), which are usually discriminative for 

recognition

𝐽 = min
𝐴

𝑋𝑜 − 𝑋𝑜𝐴
𝑇

2,1+𝛾 𝐴 2,1

𝑋𝑜 ∈ 𝑅𝑑×𝑛 𝐴 ∈ 𝑅𝑛×𝑛

𝑋𝑜 = 𝐿𝑋 𝐿 = 𝑈𝑆𝑈𝑇 = 𝑈Λ𝑈𝑇

Active learning select 𝑟 1 + 𝜖 (𝜖 > 0, 𝑟 = 𝑟𝑎𝑛𝑘(𝑋𝑜)) data

points to perform LRR for recognition



min
𝐴

𝐿𝑋 − 𝐿𝑋𝐴 𝑇
2,1+𝛾 𝐴 2,1 = min

𝐴,𝑆
𝑈𝑆Σ𝑉𝑇 − 𝑈𝑆Σ𝑉𝑇𝐴 𝑇

2,1+𝛾 𝐴 2,1

Optimize

fix 𝑆 optimize 𝐴

fix 𝐴 optimize 𝑆

fix 𝑺 optimize 𝑨

𝐽 = min
𝐴

𝑋 − 𝑋𝐴 𝑇
2,1+𝛾 𝐴 2,1 = min

𝐴
෍

𝑖=1

𝑛

𝑥𝑖 − 𝑋𝑎𝑖 2 + 𝛾 𝑎𝑖 2

𝜕𝐽

𝜕𝑎𝑖
=
−𝑋𝑇 𝑥𝑖 − 𝑋𝑎𝑖
𝑥𝑖 − 𝑋𝑎𝑖 2

+ 𝛾
𝑎𝑖
𝑎𝑖 2

𝑈: 𝑢𝑖𝑖 =
1

𝑥𝑖 − 𝑋𝑎𝑖 2
, 𝑉: 𝑣𝑖𝑖 =

1

𝑎𝑖 2



𝜕𝐽

𝜕𝑎𝑖
= 𝑢𝑖𝑖𝑋

𝑇𝑋𝑎𝑖 − 𝑢𝑖𝑖𝑋
𝑇𝑥𝑖 + 𝛾𝑣𝑖𝑖𝑎𝑖 = 0 𝑎𝑖 = 𝑢𝑖𝑖𝑋

𝑇𝑋 + 𝛾𝑣𝑖𝑖𝐼
−1𝑋𝑇𝑥𝑖

fix 𝐴 update 𝑈 𝑉 fix 𝑈 𝑉 update 𝐴

fix 𝑨 optimize 𝑺

𝜕𝐽

𝜕𝐴
= 𝑋𝑇𝑋𝐴𝑈 − 𝑋𝑇𝑋𝑈 + 𝛾𝑉𝐴 = 0

min
𝐴

𝐿𝑋 − 𝐿𝑋𝐴 𝑇
2,1 = min

𝐴,𝑆
𝑈𝑆Σ𝑉𝑇 − 𝑈𝑆Σ𝑉𝑇𝐴 𝑇

2,1

𝑈𝑆Σ𝑉𝑇 =෍
𝑖=1

𝑟

𝑠𝑖𝜎𝑖𝑢𝑖𝑣𝑖
𝑇



TIP 2017 𝑃 = argmin
𝑃

෍
𝑖=1

𝑁

𝜃𝑖𝑃 2,1 + 𝛼 𝑃 2,1 𝑠. 𝑡. 𝑃𝑇𝐵𝑃 = 𝐼

෍
𝑖=1

𝑁

𝜃𝑖𝑃 2,1 =෍
𝑖=1

𝑟

2𝑡𝑟 𝜃𝑖𝑃
𝑇𝑍𝑖𝜃𝑖𝑃 = 𝑡𝑟 𝑃𝑇 ෍

𝑖=1

𝑁

𝜃𝑖
𝑇𝑍𝑖𝜃𝑖 𝑃

𝑃 2,1 = 2𝑡𝑟 𝑃𝑇𝑉𝑃 𝑝𝑖 ≠ 0 𝑉 = 𝑑𝑖𝑎𝑔
1

2
𝑝1 2,

1

2
𝑝2 2, … ,

1

2
𝑝𝑛 2 ∈ 𝑅𝑛×𝑛

argmin
𝑃,𝑍𝑖,𝑉

𝑡𝑟 𝑃𝑇 ෍
𝑖=1

𝑁

𝜃𝑖
𝑇𝑍𝑖𝜃𝑖 + 𝛼𝑉 𝑃

෍
𝑖=1

𝑁

𝜃𝑖
𝑇 𝑍𝑖 𝑘𝜃𝑖 + 𝛼𝑉𝑘 𝜑𝑗 = 𝜆𝑗𝐵𝜑𝑗update  𝑃𝑘+1

first d smallest eigenvalues 

that are sorted in ascending 

order



min
𝐿

𝐿𝑋 − 𝐿𝑋𝐴 𝑇
2,1 = min

𝑆
𝑈𝑆Σ𝑉𝑇 − 𝑈𝑆Σ𝑉𝑇𝐴 𝑇

2,1

min
𝑆

𝑈𝑆Σ𝑉𝑇 − 𝑈𝑆Σ𝑉𝑇𝐴 𝑇
2,1 = min

𝑆
𝑈𝑆Σ𝑉𝑇(𝐼 − 𝐴) 𝑇

2,1

= min
𝑠𝑖

෍
𝑖=1

𝑟

𝑠𝑖𝜎𝑖𝑢𝑖𝑣𝑖
𝑇 (𝐼 − 𝐴)

𝑇

2,1

min
𝛼𝑖

෍
𝑖=1

𝑟

𝛼𝑖𝑀𝑖
2,1

𝑠. 𝑡. ෍
𝑖
𝛼𝑖 = 𝐶𝑜𝑛𝑠𝑡 , 𝛼𝑖 = 𝑠𝑖𝜎𝑖 , 𝑀𝑖 = (𝐼 − 𝐴𝑇)𝑣𝑖𝑢𝑖

𝑇



𝑃 2,1 = 2𝑡𝑟 𝑃𝑇𝑉𝑃 𝑝𝑖 ≠ 0 𝑉 = 𝑑𝑖𝑎𝑔
1

2
𝑝1 2,

1

2
𝑝2 2, … ,

1

2
𝑝𝑛 2 ∈ 𝑅𝑛×𝑛

min
𝑆

𝑈𝑆Σ𝑉𝑇 − 𝑈𝑆Σ𝑉𝑇𝐴 𝑇
2,1 = min

𝑀
𝑀 2,1 𝑀 = 𝑈𝑆Σ𝑉𝑇 𝐼 − 𝐴

𝑇

𝑀 2,1 = 2𝑡𝑟 𝑀𝑇𝑉𝑀 = 2𝑡𝑟 𝑈𝑆Σ𝑉𝑇𝐸𝑉Σ𝑆𝑈𝑇 = 2 𝑆Σ𝑉𝑇𝐸 𝑆Σ𝑉𝑇 𝑇
𝐹
2

𝑀𝑇𝑉𝑀 = 𝑈𝑆Σ𝑉𝑇 𝐼 − 𝐴 𝑉(𝐼 − 𝐴)𝑇𝑉Σ𝑆𝑈𝑇 = 𝑈𝑆Σ𝑉𝑇𝐸𝑉Σ𝑆𝑈𝑇

𝑆Σ𝑉𝑇𝐸 𝑆Σ𝑉𝑇 𝑇 =෍
𝑖=1

𝑟

෍
𝑗=1

𝑟

𝑠𝑖𝑠𝑗𝜎𝑖𝜎𝑗𝑣𝑖
𝑇𝐸𝑣𝑖

min
𝑀

𝑀 2,1 = min
𝛼𝑖

෍
𝑖=1

𝑟

෍
𝑗=1

𝑟

𝛼𝑖𝛼𝑗 𝐸 𝐹
2 𝑠. 𝑡.෍

𝑖
𝛼𝑖 = 𝐶𝑜𝑛𝑠𝑡 𝛼𝑖 = 𝑠𝑖𝜎𝑗



argmin
𝑃,𝑍𝑖,𝑉

𝑡𝑟 𝑃𝑇 ෍
𝑖=1

𝑁

𝜃𝑖
𝑇𝑍𝑖𝜃𝑖 + 𝛼𝑉 𝑃

෍
𝑖=1

𝑁

𝜃𝑖
𝑇 𝑍𝑖 𝑘𝜃𝑖 + 𝛼𝑉𝑘 𝜑𝑗 = 𝜆𝑗𝐵𝑃update  𝑃𝑘+1

𝑠. 𝑡. 𝑃𝑇𝐵𝑃 = 𝐼

argmin
𝑃,𝑉

𝑡𝑟 𝑃𝑇𝑉𝑃 𝑉𝑘𝜑𝑗 = 𝜆𝑗𝐵𝜑𝑗

First  compute 𝑃

argmin
𝑆

𝑃 − 𝑈𝑆Σ𝑉𝑇 𝐼 − 𝐴
𝑇

2

2


